Most theoretical studies of topological superconductors and Majorana-based quantum computation rely on a mean-field approach to describe superconductivity. A potential problem with this approach is that real superconductors are described by number-conserving Hamiltonians with long-range interactions, so their topological properties may not be correctly captured by mean-field models that violate number conservation and have shortrange interactions. To resolve this issue, reliable results on number-conserving models of superconductivity are essential. As a first step in this direction, we use rigorous methods to study a number-conserving toy model of a topological superconducting wire. We prove that this model exhibits many of the desired properties of the meanfield models, including a finite energy gap in a sector of fixed total particle number, the existence of long range Majorana-like correlations between the ends of an open wire, and a change in the ground state fermion parity for periodic vs. anti-periodic boundary conditions. These results show that many of the remarkable properties of mean-field models of topological superconductivity persist in more realistic models with number-conserving dynamics. :1912.12307v1 [cond-mat.supr-con] 
Introduction: Topological superconductors (TSCs) hosting unpaired Majorana fermions [1, 2] are of great interest as a potential platform for fault-tolerant quantum computation. However, most studies of TSCs rely on a mean-field (or Bogoliubov-de Gennes) approach to describe superconductivity. Recently, A.J. Leggett and others have questioned the validity of this approach for quantum computing applications [3] [4] [5] [6] [7] . A key concern is that real superconductors are described by number-conserving Hamiltonians with longrange interactions, so their topological properties may not be correctly captured by mean-field Hamiltonians that violate number-conservation and have short-range interactions.
To resolve this issue, we need reliable results on numberconserving models of topological superconductors. In this paper we provide such results for a toy model of a onedimensional (1D) TSC. We rigorously prove that this model possesses many of the desired properties of the mean-field models, including a finite energy gap in a sector of fixed total particle number, long range "Majorana-like" correlations between the ends of an open wire, and a change in the ground state fermion parity for periodic vs. anti-periodic boundary conditions (a "fermion parity switch"). In addition, the superconductivity in our model is proximity-induced, and so our results are directly relevant for current experimental platforms for TSCs [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] .
The problem of number conservation and topological superconductivity has been investigated previously using several approaches including bosonization [19] [20] [21] [22] [23] [24] [25] and exactly solvable models [5, [26] [27] [28] [29] [30] (for additional approaches see [6, 7, [31] [32] [33] ). The first approach gives general results on lowenergy field theory models, but requires various approximations. The second approach gives rigorous results on concrete microscopic models, but only for a fine-tuned set of parameter values. Our approach differs from these previous works in several ways. Most importantly, we provide rigorous results on a concrete microscopic model, and our results hold for a wide range of parameter values (no fine-tuning). In addition, our model has true superconducting order, as opposed to the 1D quasi-long range order present in Refs. 19-25. Review of the mean-field model: We start with a review of the standard mean-field model of a 1D TSC: the Kitaev pwave wire model [1] . This model consists of spinless fermionŝ c j on the sites j ∈ {1, . . . , L} of a wire of length L, and the Hamiltonian with open boundary conditions takes the form
whereN w = L j=1ĉ † jĉ j is the total number operator ("w" stands for "wire"), t > 0 and ∆ are energies for nearest neighbor hopping and pairing, respectively, and µ is the chemical potential. This model is in its topological phase for |µ| < t and ∆ = 0. In this phase, and with open boundary conditions, H MF has a unique ground state and a finite energy gap in each sector of fixed fermion parity. The two lowest energy states with opposite fermion parity are nearly degenerate (their splitting is exponentially small in L [1, 34] ), and this degeneracy is related to the presence of Majorana fermions localized near the ends of the wire.
The properties of this model are easiest to see at the special point t = ∆ and µ = 0. At this pointĤ MF commutes with the Majorana fermion operatorsâ 1 = −i(ĉ 1 −ĉ † 1 ) and b L =ĉ L +ĉ † L localized on sites 1 and L, respectively. As a consequence,Ĥ MF has two degenerate ground states |± (with fermion parity ±1) that satisfy iâ 1bL |± = ±|± . This property implies the existence of a long range correlation ±|iâ 1bL |± = ±1 = fermion parity (2) in the ground states |± [35] [36] [37] [38] [39] [40] . This effect is sometimes called "teleportation" because there is a finite amplitude, in the states |± , to annihilate a fermion at one end of the wire and simultaneously create a fermion at the other end. This correlation is also responsible for the 4π-periodic Josephson effect [1, 41] , which is believed to be a key physical signature of the topological superconducting phase. A number-conserving model: We now introduce the number-conserving model studied in this paper. We again consider fermionsĉ j on a wire of length L, and we also introduce an additional degree of freedom to model a bulk superconductor (SC) proximity-coupled to the fermionic wire (see Fig. 1 ). This new degree of freedom is comprised of number and phase operatorsn andφ that are canonically conjugate to each other, [n, e iφ ] = e iφ . Physically,n counts the number of Cooper pairs in the bulk SC, and e ±iφ adds/removes a Cooper pair from the bulk SC. The Hilbert space H SC of the number/phase degree of freedom is spanned by the states |p , p ∈ Z, obeyingn|p = p|p (and e ±iφ |p = |p ± 1 ).
The conserved total particle number operator in our model isN
whereN w = L j=1ĉ † jĉ j as before, and the factor of two is present becausen counts the number of Cooper pairs. The Hamiltonian for our model consists of two terms:
The first term,Ĥ 0 , is a number-conserving version of the mean-field HamiltonianĤ MF ,
We see that all pairing terms inĤ 0 are now accompanied by a factor of e ±iφ to ensure commutation withN (when two fermions leave the wire they become a Cooper pair in the SC, and vice-versa). The second term inĤ is a charging energy term for the bulk SC,
where
and E c is a rescaled charging energy that we will hold fixed as L → ∞. This scaling of E c with L reflects the physical (Coulomb) scaling of the charging energy for a bulk SC with linear dimensions comparable to that of the wire. The parameter n c is the preferred number of Cooper pairs in the bulk SC when it is isolated (i.e., not attached to the fermionic wire). We do not necessarily assume that n c is an integer. We now review some properties of this model at zero charging energy, E c = 0. As we show in the Supplemental Material, the eigenstates ofĤ 0 in the sector with fixed total particle numberN = M are in one-to-one correspondence with the eigenstates ofĤ MF in the sector with fermion parity (−1) M , and the corresponding energy eigenvalues are identical.
As in the mean-field case,Ĥ 0 simplifies greatly at the special point t = ∆ and µ = 0. Let us denoteĤ 0 at this point byĤ 0, * , and let |χ (M ) 0, * be the ground state ofĤ 0, * in the M -particle sector. One can show thatĤ 0, * commutes with the pair of "Majorana-like" operatorsÂ †
L [42] . The operator iÂ † 1B L is Hermitian and squares to the identity, and it is the numberconserving analog of iâ 1bL from the mean-field case. In addition, |χ
0, * . This implies the existence of a long range Majorana-like correlation,
which is the number-conserving analog of Eq.
(2). This shows that long range correlations between the ends of the wire also occur in the number-conserving model when E c = 0. One of our main results is that this correlation survives for E c = 0. Results in a simple case: We first present our results in the special case where t = ∆, µ = 0, and M −2n c = L 2 (we work in the M -particle sector), as this case illustrates the physical content of our results without introducing any unnecessary complications. We have already discussed the simplifications that occur at t = ∆ and µ = 0. The significance of the final condition M − 2n c = L 2 is that at this point the charging energy termV prefers the wire to have the same filling as in the ground state ofĤ 0, * , namely a filling equal to L 2 . (We discuss this point in more detail below when we present our general results). We now state our results in this simple case. For technical reasons, we assume here that L is even and L > 2.
The mean-field model has a unique ground state and a finite energy gap in a sector of fixed fermion parity. Our first theorem shows that, for small enough E c , the number-conserving model has a unique ground state and a finite energy gap in a sector of fixed total particle number.
Theorem 1 (energy gap). If E c < 4∆, thenĤ has a unique ground state in the M -particle sector. In addition, the energy gap δ (M ) ofĤ in the M -particle sector is bounded from below as
and this bound holds for all system sizes L.
are the energy gaps (in the M -particle sector) ofĤ andĤ 0 , respectively. This inequality holds for general parameter values t, ∆, µ, E c , and n c , and it implies thatĤ has a unique ground state in the M -particle sector if δ
To complete the proof we need to compute χ 
Finally, using the fact that δ (M ) 0 = ∆ for t = ∆ and µ = 0, we arrive at the result of Theorem 1.
Proof of Theorem 2: The proof of Theorem 2 is based on a result (Claim 1) that bounds the overlap of the ground state |ψ (M ) 0 ofĤ with the ground state |χ (M ) 0 ofĤ 0 . We prove Claim 1 in the Supplemental Material.
and this result holds for general values of the parameters t, ∆, µ, E c , and n c .
We now use Claim 1 to prove Theorem 2. We again specialize to t = ∆, µ = 0, and M − 2n c = L 2 , and so |χ
is again the ground state |χ (M ) 0, * ofĤ 0, * . We also define the
0, * | andQ χ = 1 −P χ , and we note that [P χ , iÂ †
1B L ] = 0. We first prove the theorem for even M .
Using
where we used the fact that ϕ|iÂ † 1B L |ϕ ≥ − ϕ|ϕ for any state |ϕ (since the eigenvalues of iÂ † 1B L are 1 and −1). The last line can be rewritten in the form
For odd M we again use iÂ † 1B L |χ
0, * , but now we use ϕ|iÂ † 1B L |ϕ ≤ ϕ|ϕ for any state |ϕ . We then find that
We now use Claim 1 to replace | χ (M ) 0, * |ψ (M ) 0 | 2 in these inequalities with its lower bound. The result for either parity of M can be expressed as
Finally, we use χ Results in the general case: We now present our results in the general case. To start, we rewrite the Hamiltonian aŝ H µ =Ĥ 0,µ +V to emphasize its dependence on the wire chemical potential µ. Similarly, we rewrite the mean-field Hamiltonian with chemical potential µ asĤ MF,µ . We also define |χ 0,µ to be the ground state and energy gap of H 0,µ in the M -particle sector (note that δ (M ) 0,µ is equal to the gap ofĤ MF,µ in the sector with fermion parity (−1) M ). In what follows, we assume that |µ| < t and ∆ = 0 (the criteria for the mean-field topological phase).
Next, we define the function f (M ) (µ) to be equal to the average fermion number on the wire in the state |χ
The results in the Supplemental Material imply that f (M ) (µ) is also equal to the expectation value ofN w in the ground state ofĤ MF,µ in the sector with fermion parity (−1) M . The charging energy term, when restricted to the M -particle sector, usually prefers the wire to have a different filling than f (M ) (µ).
To see this we note that, within the M -particle sector,V can be rewritten aŝ
We see that this term prefers the filling of the wire to be M − 2n c , which in general is not equal to f (M ) (µ). This will be important in what follows. Finally, we need to discuss the analog of the Majorana-like operatorsÂ 1 andB L in the general case. For any t, ∆, µ such that |µ| < t and ∆ = 0, one can construct operatorŝ Γ ,µ andΓ r,µ ( /r = left/right) such that (i)Γ ,µ andΓ r,µ obey the same algebra asÂ 1 andB L , (ii)Γ /r,µ is local- 
The operatorsΓ ,µ andΓ r,µ can be constructed fromÂ 1 and B L using the exact version [44] of quasiadiabatic continuation [45] , as discussed in a related context in Sec. VII of Ref. 46 . This construction uses the fact that, for |µ| < t and ∆ = 0,Ĥ MF,µ can be deformed to the special point t = ∆ and µ = 0 without closing the energy gap of the system [47] . The only difference betweenΓ ,µ ,Γ r,µ andÂ 1 ,B L is that the latter are localized exactly at the ends of the wire, while the former extend into the bulk of the wire (but they decay rapidly due to the locality-preserving property of the quasiadiabatic continuation technique). We now present a lemma on which our later results are built. This lemma allows us to rewrite the Hamiltonian in a way that removes the tension between the wire chemical potential µ and the filling M −2n c preferred by the charging energy term. Lemma 1. Consider the M -particle sector, and assume that
Then there is a unique chemical potential µ satisfying |µ | < t and such that (within the M -particle sector)
where C is an overall constant.
This lemma shows that, if Eq. (21) holds, thenĤ µ can be rewritten in such a way that the charging energy term now prefers the same filling f (M ) (µ ) of the wire as in the ground state |χ (M ) 0,µ of the new unperturbed HamiltonianĤ 0,µ . In addition, since µ also satisfies |µ | < t, a mean-field Hamiltonian with parameters t, ∆, µ is also in the mean-field topological phase. The new chemical potential µ is in general a function of all of the constants t, ∆, µ, E c , n c , M , and L. Finally, we note that the size of the interval in Eq. (21) is proportional to L, which means that the result of Lemma 1 applies for a large range of parameter values.
We can now state our main results in full generality. These results are generalizations of Theorems 1 and 2 to the case of general t, ∆, µ, E c , and n c . For technical reasons, we assume here that L is even.
Theorem 3 (energy gap). Assume that Eq. (21) of Lemma 1 is satisfied, and let µ be the new chemical potential guaranteed by Lemma 1. If E c
0,µ , thenĤ µ has a unique ground state in the M -particle sector. In addition, the energy gap δ (M ) µ ofĤ µ in the M -particle sector is bounded from below as
Theorem 4 (Majorana-like correlation). Assume that Eq. (21) of Lemma 1 is satisfied, and let µ be the new chemical potential guaranteed by Lemma 1. Also, assume that the conditions of Theorem 3 are satisfied, and let |ψ (M ) 0,µ be the unique ground state ofĤ µ in the M -particle sector. Then
In particular, the
It is important to note that in these theorems, the Majoranalike operatorsΓ /r,µ and unperturbed energy gap δ (M ) 0,µ are those for the HamiltonianĤ 0,µ with the new chemical potential µ , and not those for the original chemical potential µ.
We present the proofs of Lemma 1, Theorem 3, and Theorem 4 in the Supplemental Material.
Fermion parity switching: In the Supplemental Material we prove a theorem (Theorem 5) that shows that for small enough E c , the lowest energy state of our model in a ring geometry with periodic boundary conditions occurs in a sector with odd total particle number, while the lowest energy state with anti-periodic boundary conditions occurs in a sector with even total particle number. This shows that our model displays a "fermion parity switch", just like the Kitaev p-wave wire model [1] . We also note that Refs. 5 and 27 proved that a fermion parity switch occurs in their exactly solvable model of a number-conserving TSC.
Discussion: We have proved that many of the properties of a single mean-field topological superconducting wire are also present in a more realistic number-conserving model. Because of the non-locality present in our model, we could not apply the methods of proof from Ref. 46 . Instead, our proofs rely on the positivity of the charging energy termV , and on the small magnitude (∝ √ L) of particle-number fluctuations in 1D mean-field models of superconductivity. Our methods can also be used to prove similar results in models with spinful fermions, for example number-conserving versions of the experimentally relevant models of Refs. 8 and 9. An important challenge for the future is to investigate the stability of proposed architectures for Majorana-based qubits [42, 48] in the more realistic number-conserving setting considered here.
Supplemental Material for "Rigorous results on topological superconductivity with particle number conservation" In this section we present the proof of Claim 1. LetP ψ = |ψ
| be the projector onto the ground state ofĤ, and let Q ψ = 1 −P ψ . Then we have
are the two lowest eigenvalues ofĤ in the M -particle sector. This last inequality can be rewritten as
and then we can use E
(which follows from the positivity ofV ) to obtain
Next, using our assumption that
), we can rearrange this expression to obtain
To proceed further we first note that χ
, which also follows from the positivity ofV . Next, we note that, for real numbers a and b satisfying a ≥ b, the function f (z) = z−a z−b is an increasing function of z for z > b (we restrict our attention to values of z to the right of the pole at z = b). We now apply this to our last inequality by choosing a = χ (which again follows from the positivity ofV ). We find that
is the energy gap ofĤ 0 in the M-particle sector. This completes the proof of Claim 1.
B. Proof of Lemma 1
In this section we present the proof of Lemma 1. We start by rewritingĤ µ in the desired final form
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[Recall that we work within the M -particle sector, whereN w + 2n = M .] By comparing with the original expression forĤ µ , we see that this expression can only be valid if µ satisfies the equation
If this equation can be satisfied, thenĤ µ can be rewritten as shown above with the constant C given by
Our goal, then, is to prove the existence of a µ satisfying Eq. (1.8). Recall that we assume that |µ| < t, and that we also want |µ | < t (so that both HamiltoniansĤ MF,µ andĤ MF,µ are in the mean-field topological phase). We now prove that, if |µ| < t and if Eq. 21 of the main text holds, then there is a unique µ satisfying |µ | < t and Eq. (1.8). This µ will be a function of all of the parameters t, ∆, µ, E c , n c , M , and L present in the model.
The strategy of the proof is as follows. First, note that |µ| < t implies that |µ| < t − ω for any ω ∈ (0, t − |µ|). Now consider the function
(1.10)
This function, evaluated at the point x = µ , is what appears on the right-hand side of Eq. (1.8). We now prove several important facts about this function. First, we prove that
[The subscripts U/L stand for upper/lower.] In this situation the intermediate value property
In addition, this µ is actually unique since g (M ) (x) is a strictly increasing function of x. Finally, we complete the proof by using this result, which holds for any ω ∈ (0, t − |µ|), to prove a stronger result in which we can take ω = 0 in all formulas. We start by proving that f (M ) (x) is an increasing function of x, i.e., that
. This is enough to show that g (M ) (x) is a strictly increasing function of x, since the linear function x is strictly increasing. That f (M ) (x) is an increasing function of x can be proven using a variational argument. As before, let |χ 0,x . For a given x 1 and x 2 , we can clearly writeĤ
and a similar equation holds if we swap x 1 and x 2 . Using |χ (M ) 0,x1 as a trial ground state forĤ 0,x2 , we obtain
Similarly, using |χ (M ) 0,x2 as a trial ground state forĤ 0,x1 , we obtain
If we use this second inequality to bound (M ) 0,x1 on the right-hand side of the first inequality, then we find that
This last inequality can be rewritten in the form
which yields the result that
. As we mentioned above, this result implies that g (M ) (x) is a strictly increasing function of x.
We now prove that g (M ) (x) obeys the intermediate value property for closed intervals [a, b] ⊂ (−t, t). To prove this we first consider some x ∈ (−t, t), and some deviation δx, and writeĤ 0,x+δx =Ĥ 0,x − δx N w − L 2 . Then, sinceĤ 0,x has a unique ground state and an energy gap within the M -particle sector, Theorem 6.3.12 of Ref. 1 implies that the ground state energy (M ) 0,x+δx ofĤ 0,x+δx (in the M -particle sector) is differentiable (with respect to δx) at δx = 0. In other words,
In addition, the same theorem tells us that d dx (M )
We now use the increasing property of f (M ) (x) to obtain the desired bounds η U (ω) and η L (ω) mentioned above. Consider the value of the function
(1.17)
Similarly, we have
Using these bounds we find that, if
We now use this result to prove the stronger result that if In this section we present the proof of Theorem 3. This proof is very similar to the proof of Theorem 1, and so we can actually start from the middle of the proof of Theorem 1. Specifically, we start from the inequality
is the energy gap ofĤ in the M -particle sector, and δ 
where U stands for "upper." Then we find that
This inequality implies thatĤ has a unique ground state in the M -particle sector if
To complete the proof we need to establish the desired upper bound V U (M ) on the expectation value χ
. For the system with general values of the parameters, we again indicate the dependence of all quantities on the chemical potential µ. For example, the total Hamiltonian isĤ µ =Ĥ 0,µ +V , and |χ (M ) 0,µ is the ground state ofĤ 0,µ in the M -particle sector. We also assume that |µ| < t and that µ and n c are such that the system is at the fine-tuned point
We can specialize to this case because, as we know from Lemma 1, there is a large region of the parameter space where we can rewrite a Hamiltonian away from this fine-tuned point as a Hamiltonian at this finetuned point (with a different chemical potential), up to an overall constant. Then the expectation value that we need to bound is
(1.26)
Using Eqs. (5.21) and (5.39), we find that
and
We see that one choice of upper bound that works for all M is 29) and making this choice completes the proof of Theorem 3. We can also see from these results that for the case of even M the result of Theorem 3 holds (for any system size L) under the stronger condition E c < 2δ In this section we present the proof of Theorem 4. This proof is very similar to the proof of Theorem 2, and again relies on a result (Claim 2 below) that bounds the overlap of the ground state |ψ 30) and this result holds for general values of the parameters t, ∆, µ, E c , and n c .
Proof of Claim 2: The result of Claim 2 follows immediately from the result of Claim 1 and the fact that χ
Proof of Theorem 4: We now use Claim 2 to prove Theorem 4. As in our proof of Theorem 3, we use a notation that indicates the dependence of the Hamiltonian on the chemical potential µ,Ĥ µ =Ĥ 0,µ +V , and we assume that |µ| < t and that µ and n c satisfy the fine-tuned condition M − 2n c = f (M ) (µ) (recall that restriction to this case is justified by Lemma 1). LetΓ ,µ andΓ r,µ be the Majorana-like operators for the HamiltonianĤ 0,µ . We know that the operator iΓ † ,µΓ r,µ commutes with the projectorP χ = |χ (M ) 0,µ χ (M ) 0,µ | onto the ground state ofĤ 0,µ in the M -particle sector. The proof of Theorem 4 then proceeds in exactly the same manner as the proof of Theorem 2. The only difference is that the operator iÂ † 1B L is replaced by the operator iΓ † ,µΓ r,µ , and we use the fact that iΓ † ,µΓ r,µ |χ
The bound that we find for the Majorana-like correlation function then takes the form
Finally, just as in the proof of Theorem 3, we use the upper bound V U (M ) = E c 1 2 + 8 L , and the result of Theorem 4 then follows immediately.
II. FERMION PARITY SWITCHING
In this section we prove the existence of a "fermion parity switch" in the number-conserving model in a closed ring geometry. Here, fermion parity switching refers to the phenomenon observed in mean-field models of TSCs in which the ground state with periodic boundary conditions has odd fermion parity, but the ground state with anti-periodic boundary conditions has even fermion parity. In addition, a very important property of the mean-field models is that, for both boundary conditions, there is a finite energy gap between the ground state and the first excited state with the opposite fermion parity. We first review this parity switching phenomenon in the mean-field Kitaev p-wave wire model, and then we state and prove a theorem (Theorem 5) that shows that a fermion parity switch also occurs in our number-conserving model for small enough E c .
We start by reviewing the properties of the mean-field Kitaev p-wave wire Hamiltonian on a closed ring and with periodic or anti-periodic boundary conditions. The Hamiltonian for this model on a closed ring takes the form
where we identify sites 1 and L + 1. The first step to diagonalize this Hamiltonian is to go to Fourier space by defininĝ
whereĉ k are Fourier-transformed fermionic annihilation operators. For periodic boundary conditions the allowed values of k are contained in the set {−π, 0} ∪ K + , where
while for anti-periodic boundary conditions the allowed values of k are contained in the set
Note that in both cases there are L allowed values of k, as there should be. The Fourier-transformed Hamiltonian takes the form
where we defined k = −t cos(k) − µ. In Fourier space we then diagonalizeĤ MF by constructing, for all k = −π, 0, lowering operatorsd k of the formd
for some coefficients u k and v k (these coefficients must also satisfy additional conditions that guarantee that thed k obey canonical anticommutation relations). Demanding that [Ĥ MF ,d k ] = −E kdk for some E k ≥ 0, we find that (u k , v k ) T is the eigenvector of the matrix k σ z + ∆ sin(k)σ y with positive eigenvalue, and that
For periodic boundary conditions the Hamiltonian can be written (up to an overall constant) aŝ
while for anti-periodic boundary conditions the Hamiltonian can be written (again up to a constant) aŝ
In each case we define the BCS completely paired ground state |BCS, ± by the conditiond k |BCS, ± = 0 for all k ∈ K ± , and in the periodic case we also requireĉ 0 |BCS, + =ĉ −π |BCS, + = 0. This state always has even fermion parity and takes the familiar BCS form
We now review the occurrence of a fermion parity switch in this model. To see the switch we first need to determine the lowest energy states for periodic and anti-periodic boundary conditions. We start with the anti-periodic case because it is easier to analyze. In this case, since all E k > 0 and there are no unpaired modes to worry about, it is easy to see that the ground state is |BCS, − . In addition, the lowest energy excited state isd † k * − |BCS, − , where k * − is the (possibly non-unique) value of k in K − that yields the lowest possible E k . We also define E min,− = min k∈K− E k so that E k * − = E min,− . Thus, we find that for anti-periodic boundary conditions the ground state has even fermion parity and the energy gap to the first odd parity eigenstate is equal to E min,− .
Next, we consider the case of periodic boundary conditions. This case is complicated by the presence of the unpaired fermions at k = −π, 0. Note that 0 = −t − µ and −π = t − µ, and that within the topological phase (|µ| < t and ∆ = 0), we have 0 < 0 and −π > 0. As a result, we find that within the topological phase the ground state isĉ † 0 |BCS, + , and this state has odd fermion parity. Next, depending on the specific parameter values, the first excited state (which has even fermion parity) can be any one of the states |BCS, + ,ĉ † 0ĉ † −π |BCS, + , orĉ † 0d † k * + |BCS, + , where k * + is the (possibly non-unique) value of k in K + that yields the lowest possible E k . We also define E min,+ = min k∈K+ E k , so that E k * + = E min,+ . The energy gap between the ground stateĉ † 0 |BCS, + and the first even parity excited state in these three cases is equal to t + µ, t − µ, and E min,+ , respectively. Thus, we find that for periodic boundary conditions the ground state has odd fermion parity and the energy gap to the first even parity eigenstate is equal to min {t + µ, t − µ, E min,+ }.
In both cases (periodic and anti-periodic boundary conditions) the gap between the ground state and the first excited state is bounded from below by E min = min k∈[−π,π) E k , where the minimum here is taken over the continuum of k values in the interval [−π, π). This is clear in the case with anti-periodic boundary conditions, as K − ⊂ [−π, π), and so E min,− ≥ E min . To see this in the case of periodic boundary conditions, we need to show that t + µ ≥ E min and that t − µ ≥ E min (it is clear that E min,+ ≥ E min since K + ⊂ [−π, π)). We can prove this by noting that dE k /dk = 0 at k = 0, −π, and so k = 0, −π are the locations of minima, maxima, or inflection points of E k . No matter which possibility occurs, the minimum value of E k must always be less than or equal to E 0 and E −π . Then, since E 0 = t + µ and E −π = t − µ (for |µ| < t), we find that t − µ ≥ E min and that t + µ ≥ E min .
To summarize, for the mean-field HamiltonianĤ MF within the topological phase (|µ| < t and ∆ = 0), the lowest energy state with periodic boundary conditions has odd fermion parity, while the lowest energy state with anti-periodic boundary conditions has even fermion parity. In addition, for both boundary conditions the gap between the ground state and the first excited state with the opposite fermion parity is bounded from below by E min = min k∈[−π,π) E k .
We now move on to the number-conserving case and introduce some notation that will allow us to state our result on the fermion parity switch in the number-conserving model. We again use a notation that indicates the dependence of all quantities on µ. Recall that in the M -particle sector the charging energy term can be rewritten aŝ
(2.9)
We can rewrite this asV
Note that s (M, µ) is the difference between f (M ) (µ), the average fermion number on the wire in the ground state |χ With this notation in hand we can now state our theorem on the existence of a fermion parity switch in the number-conserving model. For technical reasons we again assume here that L is even.
Theorem 1 (Fermion parity switch). Let E k = (t cos(k) + µ) 2 + ∆ 2 sin 2 (k) and let E min = min k∈[−π,π) E k . If E c 1 2 + 9 L < E min , then the overall ground state ofĤ µ with periodic (anti-periodic) boundary conditions occurs in a sector with odd (even) total particle number. In addition, in both cases δ parity , the energy gap between the overall ground state ofĤ µ and the lowest energy eigenstate with opposite number parity, is bounded from below as 16) and this bound holds for all system sizes L.
A. Proof of Theorem 5
The proof of Theorem 5 is very similar to the proofs of Theorems 1 and 3 and again relies on the positivity ofV . To start, recall that the energy spectrum ofĤ 0,µ in the M -particle sector is identical to the energy spectrum ofĤ MF,µ in the sector with fermion parity (−1) M . As a result,Ĥ 0,µ has the property that its overall ground state with periodic boundary conditions occurs in a sector with odd total particle number, while its overall ground state with anti-periodic boundary conditions occurs in a sector with even total particle number. In fact, this property of the spectrum ofĤ 0,µ implies a much stronger result. Let M e be any even integer, and let M o be any odd integer. Then for periodic boundary conditions we have
is the ground state energy ofĤ 0,µ in the M -particle sector. In the anti-periodic case the situation is reversed and we instead have
Next, we turn to the full HamiltonianĤ µ with the charging energy term, and we consider the case of periodic boundary conditions. The positivity ofV implies that
0,µ is the ground state energy ofĤ µ in the M -particle sector. As in the proofs of Theorems 1 and 3, combining this property with the variational theorem for the ground state energy in the M o -particle sector yields the inequality
(2.17)
Next, using Eq. (2.13) and the fact that
This bound holds for any M o and, in particular, holds for the value M * o such that |s(M * o , µ)| = s − (µ) (if M * o is not unique then we just choose a particular one). Therefore we obtain the bound
and then using s − (µ) ≤ 1 gives
We find that, if E min > E c 1 2 + 9 L , then the energy of the ground state ofĤ µ in the M * o -particle sector is strictly less than the energy of the ground state in any even particle number sector. This proves that, if E min > E c 1 2 + 9 L , then the overall ground state ofĤ µ with periodic boundary conditions occurs in a sector with odd total particle number.
In the case of anti-periodic boundary conditions, similar reasoning leads to the inequality This bound holds for any M e and, in particular, holds for the value M * e such that |s(M * e , µ)| = s + (µ) (again, if M * e is not unique then we just pick a particular one). This yields the bound
and then using s + (µ) ≤ 1 gives
The final inequality here is not strictly necessary, but we find it useful as it allows us to use the same bound as in the case of periodic boundary conditions. We then find that, if E min > E c 1 2 + 9 L , then the energy of the ground state ofĤ µ in the M * e -particle sector is strictly less than the energy of the ground state in any odd particle number sector. This proves that, if E min > E c 1 2 + 9 L , then the overall ground state ofĤ µ with anti-periodic boundary conditions occurs in a sector with even total particle number.
Finally, in both cases δ parity , the energy gap between the overall ground state and the lowest energy eigenstate with opposite number parity, is bounded from below as
(2.25)
III. NUMBER-CONSERVING MODEL WITHOUT CHARGING ENERGY
In this section we explain the relation between the number-conserving TSC model with no charging energy (E c = 0 sô V = 0), and the more familiar mean-field TSC model. In particular, we show how the eigenstates of the number-conserving model at fixed total particle numberN = M can be written in terms of the eigenstates of the mean-field model with Hamiltonian H MF . We also show how certain expectation values in the number-conserving model with E c = 0 can be expressed in terms of expectation values in the mean-field model.
To start, letĤ MF (φ) denote the mean-field Hamiltonian obtained fromĤ 0 after replacing the quantum operatorφ with the classical phase φ,Ĥ
Let |χ a (φ) (for some range of the index a) be a complete set of eigenstates of this mean-field fermionic Hamiltonian, and let a be the energies of these states,Ĥ MF (φ)|χ a (φ) = a |χ a (φ) . The energies a are independent of φ becauseĤ MF (φ) is related toĤ MF (0) =Ĥ MF by a unitary transformation. Indeed, we havê 2) and this implies that
We now show how to construct eigenstates |χ (M ) a ofĤ 0 at fixed total particle numberN = M in terms of the eigenstates |χ a (φ) of the fermionic mean-field HamiltonianĤ MF (φ). To start, recall the eigenstates |p , p ∈ Z, of the Cooper pair number operatorn, which span the Hilbert space H SC of the number and phase degree of freedom. These states obey
We also introduce the eigenstates |φ of the phase operatorφ. These states obey
We also have the inner product
which allows us to write |φ as
Using these basis states, we now show that the eigenstates |χ (M ) a ofĤ 0 at fixed total particle number M take the form
These states are normalized if we assume the normalization χ a (φ)|χ b (φ) = δ ab for the eigenstates of the mean-field fermionic Hamiltonian. In addition, there is one constraint on these states, which is that (−1) M must be equal to the fermion parity of the state |χ a (0) , otherwise the integral over φ which yields the state |χ (M ) a will actually evaluate to zero. This constraint makes sense since the Cooper pairs have even fermion parity, so (−1)N = (−1)N w .
We now show that |χ (M ) a is an eigenstate ofĤ 0 with the same eigenvalue a as the eigenstate |χ a (φ) ofĤ MF (φ). To prove thatĤ 0 |χ (M ) a = a |χ (M ) a , we simply note that
where we used the fact thatφ|φ = φ|φ and then the fact thatĤ MF (φ)|χ a (φ) = a |χ a (φ) . The next property to prove is thatN |χ Next, we apply the operatorn to find 11) which is equivalent to the desired result that (N w + 2n)|χ
. Note that in this derivation we needed to integrate by parts to get from the second line to the third line. In this integration by parts the boundary term at φ = 2π cancels the boundary term at φ = 0 because of the constraint that (−1) M is equal to the fermion parity of the mean-field eigenstate |χ a (0) , i.e., we needed to use the fact that e i.e., the expectation value ofÔ in the eigenstate |χ (M ) a ofĤ 0 is equal to the expectation value ofÔ in the mean-field state |χ a (0) . We can also derive similar relations for operators that do not commute withN w . For example, one can show that
The insertion of the phase operator e iφ on the left-hand side of this equation allows the expectation value to be non-zero even for the state |χ In this section we review some basic properties of the mean-field TSC modelĤ MF at the special point t = ∆ and µ = 0. Recall that we used the notationĤ MF, * for the mean-field Hamiltonian at this special point. The properties of this model are well-known in the literature but we find it useful to collect them all in one place here. Our main tool to derive these properties is the Jordan-Wigner (JW) transformation, which can be used to convert the fermionic wire model to a spin model. The JW transformation for the Majorana fermion operators is as follows. We havê
where the operatorσ a j (for a ∈ {x, y, z}) acts as the Pauli matrix σ a on site j and as the identity on all other sites. Using this transformation we find that iâ jbj =σ x j and that ib jâj+1 =σ z jσ z j+1 . Using these results we find that after the JW transformation H MF, * takes the formĤ
i.e., the JW-transformed Hamiltonian is that of a classical Ising model with open boundaries. It is easy to see that this Hamiltonian has two degenerate ground states, namely the states | ⇑ and | ⇓ , where | ⇑ is the state of the spin chain with all spins pointing up (σ z j | ⇑ = | ⇑ ∀ j) and | ⇓ is the state of the spin chain with all spins pointing down (σ z j | ⇓ = −| ⇓ ∀ j). We also find that the number operator for the fermions on the wire takes the form From now on we assume that L is even, and in this case we haveŜ = (−1)N w . Since physical states have definite fermion parity, when studyingĤ MF, * in the spin language we should choose the eigenvectors to also be eigenvectors ofŜ. This means that the two degenerate ground states |± ofĤ MF, * correspond, in the spin language, to the two states
We now briefly discuss the excited states of the model. It is clear that excited states in the even or odd parity sectors can be constructed by acting on the ground states |± withσ x j operators. In this way one can easily see that the energy gap ofĤ MF, * in both the even and odd parity sectors is equal to ∆. The statesσ x 1 |± are examples of excited states in the even and odd parity sectors with the lowest possible energy.
Next, we study the generating functions for expectation values of powers of the operatorN w − L 2 in the two ground states |± . Note that the operatorN w − L 2 itself has zero expectation value in the states |± . We define the generating functions
Using these generating functions, we can compute expectation values of powers ofN w − L 2 by taking derivatives with respect to τ ,
.
(4.8)
Using the JW-transform we find that
Here, to get from the second to the third line, we used the fact that the expectation value of a product ofσ x j 's in one of the states |± can only be non-zero if there is aσ x j for every single site in the wire. We also usedŜ|± = ±|± to get from the third line to the fourth line.
For use in the main text, we record here some expectation values of powers ofN w − L 2 that can be derived using these generating functions. Let us assume that L > 2. Then we have
In general, one finds that +| N w − L We close this section by explaining the connection between the fermion parity of the ground states |± ofĤ MF, * and the eigenvalues of the operator iâ 1bL when acting on these states. We again assume that L is even. Using the JW transformation we find that
Then, sinceσ z 1σ z L |± = |± , we find that
i.e., the operator iâ 1bL is equal to the fermion parity operator (−1)N w within the ground state subspace.
V. PARTICLE NUMBER EXPECTATION VALUES IN MEAN-FIELD MODELS OF SUPERCONDUCTIVITY
In this section we derive rigorous upper bounds on expectation values of powers of the particle number operatorN w = L j=1ĉ † jĉ j in ground states of mean-field models of superconductivity. These bounds are an essential ingredient in our proofs of Theorems 3, 4, and 5. The formalism needed for dealing with general mean-field models of superconductivity (e.g., models without translation-invariance) can be found in Sec. II of Ref. 3 and in Appendix A of Ref. 4 (note, however, that our conventions do not match exactly with the conventions in these references). We also require certain general results about complex antisymmetric matrices. A useful reference for this material in a physics context is Appendix A of Ref. 5 (note that in this reference a tilde is used to denote the transpose of a matrix or a vector).
Hamiltonians for general mean-field models of superconductivity have the form
where h ij and ∆ ij are the matrix elements of two L × L matrices h and ∆, and these matrices completely define the model (we also need h ji = h ij so that the Hamiltonian is Hermitian). In what follows we also assume that L is even.
The standard procedure to diagonalize Hamiltonians of this form is to construct lowering operatorsd i that obey [Ĥ MF ,d i ] = −E idi , for some energy eigenvalues E i ≥ 0. The Hamiltonian can then be rewritten aŝ 2) and the exact form of the constant term will not be important for us here. Thed i operators take the general form
where u ij and v ij are the elements of two new L × L matrices u and v. These matrices are determined by solving the equations [Ĥ MF ,d i ] = −E idi for all i. These equations are a generalized version of the Bogoliubov-de Gennes equations, and one can think of the operatord i as a generalized version of a Bogoliubov quasiparticle operator. One can also derive additional relations that u and v must satisfy so that thed i operators obey standard anticommutation relations. In what follows, we assume that these additional relations are satisfied so that {d i ,d j } = 0 and {d i ,d † j } = δ ij . The even parity ground state |+ ofĤ MF is defined to satisfyd i |+ = 0 ∀ i. One can show that this state takes the form 5) and g ij are the elements of a complex antisymmetric matrix g related to the matrices u and v by
In addition, |0 is the Fock vacuum annihilated by all theĉ j , and N is a normalization factor. To compute the normalization factor N we use the fact that, for any complex antisymmetric matrix g, there exists a unitary matrix W such that
and where λ α ∈ R, λ α ≥ 0 for α = 1, . . . , L/2. Note here that we assume that L is even. Let us also label the columns of W by w 1 ,w 1 , w 2 ,w 2 , . . . , w L/2 ,w L/2 . An additional property of the matrix W , which follows from its explicit construction, is that w α is orthogonal tow α for any α, i.e., (w α ,w α ) = 0 where (x, y) = L i=1 x i y i denotes the standard inner product on C L . This theorem allows us to writeĜ
where we definedĈ
and w α,i is the i th component of the vector w α . The fact that (w α ,w α ) = 0 for all α then implies that these operators are a set of L independent complex fermions. In particular, a fermion operator without a tilde anticommutes with any fermion operator with a tilde, for example {Ĉ α ,Ĉ † β } = 0. The remaining anticommutation relations are standard, for example {Ĉ α ,Ĉ β } = 0 and {Ĉ α ,Ĉ † β } = δ αβ . This result allows us to rewrite the state |+ in the simple "BCS-like" form
An elementary computation now shows that
and so we can choose
Next, we compute the generating function +|e τNw |+ for expectation values of the particle number operatorN w = jĉ † jĉ j in the state |+ . We have
We can use this generating function to compute the average number of particles N w,+ := +|N w |+ in the state |+ , and we find that
In particular, it is clear that 0 ≤ N w,+ ≤ L.
We now derive an upper bound on the expectation value +|(N w − N w,+ ) 2 |+ , as this upper bound is a crucial ingredient in our proofs of Theorems 3, 4 and 5. To start, we define the new generating function This function satisfies F 1,+ (0) = 1 and F 1,+ (0) = 0, where the prime denotes a derivative with respect to τ . These two properties imply that the first few derivatives of F 1,+ (τ ), when evaluated at τ = 0, can be expressed simply in terms of derivatives (also evaluated at τ = 0) of a new function For example, we find that We only need the second derivative of F 2,+ (τ ) to compute +|(N w − N w,+ ) 2 |+ , and we find that (5.20)
We can obtain an upper bound on this quantity by finding the maxima of the function appearing in the sum for λ 2 α ∈ [0, ∞). The function We now turn to the derivation of the analogous bound for the odd parity ground state, which we denote by |− . This state is constructed by acting on |+ with the creation operatord † i with the lowest energy E i . We adopt the convention that this lowest energy is achieved for i = 1, so that
Note that this state is normalized, −|− = 1, sinced 1 |+ = 0. By using the identity
where v is the complex conjugate of the matrix v, we find that |− can be rewritten in the form
The key property that we now use is that, since the matrix W is unitary, it is possible to rewrite any operatorĉ j as a linear combination of the new complex fermionsĈ α andĈ α . This implies the existence of coefficients X α andX α such that It turns out that we do not actually need to know the exact expressions for X α andX α for the calculations in the rest of this section. In terms of these coefficients, we find that |− can be rewritten as
where we expanded eĜ = L/2 β=1 1 + λ βĈ † βĈ † β and used the fact that all complex fermion operators square to zero. We now use our new expression for |− to compute the norm −|− , and we find that This formula will be crucial for the bound that we derive in the rest of this section. It is also the only piece of information about the coefficients X α andX α that we actually need for our calculations. Using our new form for |− , we can also calculate the generating function −|e τNw |− . Using manipulations similar to those used in the derivation of the expression for −|− , we find that −|e τNw |− = +|e τNw |+ e τ Q(τ ) , (5.29) where we defined the function
(5.30)
Note also that Eq. (5.28) implies that Q(0) = 1 (one can also see that Q(τ ) ≤ 1 for τ ≥ 0). If we define the average N w,− := −|N w |− like in the even parity case, then we can define the generating function for expectation values of powers of N w − N w,− ,
and we find that this can be written as By construction, this generating function has the same properties F 1,− (0) = 1 and F 1,− (0) = 0 as F 1,+ (τ ). We are therefore led to again define a second generating function F 2,− (τ ) equal to the logarithm of F 1,− (τ ), and we find that We can now compute the desired expectation values of powers ofN w − N w,− by taking derivatives of this second generating function, just as in the even parity case. The expectation value that we need for the proofs of Theorems 3, 4 and 5 is −|(N w − N w,− ) 2 |− = F 2,− (0) . (5.34)
Using our explicit expression for F 2,− (τ ) from above, and using Q(0) = 1, we find that where the second line follows immediately from the fact that [Q (0)] 2 is positive. We already know that F 2,+ (0) ≤ L/2, and so the only work that remains is to find an upper bound for Q (0). The explicit expression for Q (0) is
where the second line follows after dropping the negative term from the first line. Next, we use the simple inequality Thus, we find that 39) and this is the last bound that we need for our proofs. Finally, it is important to note here that the leading term in this bound (the term with the largest power of L) exactly matches the leading term in the analogous bound for the even parity ground state.
